In this paper, we analyzed the physical meaning of scalar curvatures for a generalized Riemannian space. We developed the Madsen's formulae for pressures and energy-densities with respect to the corresponding energy-momentum tensors. After that, we analyzed the energy-momentum tensors, pressures, energy-densities and state-parameters with respect to different concepts of generalized Riemannian spaces. At the end of this paper, we examined linearities of the energy-momentum tensor, pressure, energy-density and the state-parameter.
Introduction
The main purpose of this paper is to find a physical meaning of scalar curvatures for a generalized Riemannian space [5] and complex or anti-symmetric metrics as well. This paper is a physical motivation for many future articles in the subjects of theoretical physics and differential geometry.
Physical motivation for differential geometry: basics of cosmology
Many geometric papers start with the motivation from General Relativity. In the paper Ivanov, Zlatanović [6] , the physical motivation with respect to the Einstein's works [2] [3] [4] is detail explained. Some other papers where these Einstein's works are cited as the motivations for further works with respect to spaces with torsion are [15, [20] [21] [22] [23] [24] and many others.
Einstein involved the concept of complex metrics whose real part corresponds to the gravity but the imaginer part corresponds to the electromagnetism. Moreover, the affine connection coefficients of spaces in Einstein's works are determined by the Einstein Metricity Condition.
The Einstein's Theory of General Relativity is a cosmological model which is developed. The Kaluza-Klein cosmological model [7, 8] is commonly used in the daily cosmology. In this model, unlike in the Einstein's one, the electromagnetism is covered by the additional dimension of the symmetric (real) part for metrics.
The question that arises is whether the anti-symmetric parts of metric tensors are important for any physical application or they are excessive. We will physically and geometrically answer to this question in this paper.
We will not study the Kaluza-Klein model. The research in this paper will be based on the computational methodology mainly taken from the book [1] but also from the article [17] combined with different torsion-tensors.
Geometrical motivation: Generalized Riemannian space
An N -dimensional manifold M N , equipped with a non-symmetric metric tensorĝ of the type (0, 2) whose components are g ij is the generalized Riemannian space GR N in the sense of Eisenhart [5] . S. M. Minčić [13] [14] [15] , M. S. Stanković [20, 21, 23, 24] , Lj. S. Velimirović [15, 20, 23] , M. Lj. Zlatanović [6, 23, 24] and many others have continued the research about these spaces, the mappings between them and their generalizations.
The symmetric and anti-symmetric part of the tensorĝ are respectivelyĝ andĝ ∨ . Their components are
We guess that the matrix g ij N ×N is non-singular. The contravariant symmetric part of the metric tensorĝ is the inverse matrixĝ −1 .
The components of the affine connection coefficients of the space GR N are the components of the generalized Christoffel symbols of the second kind
for partial derivative denoted by comma. The components of the symmetric and anti-symmetric parts of the generalized Christoffel symbol of the second kind are
After basic computing, one gets
The doubled components of the anti-symmetric part Γ i jk ∨ are the components of the torsion tensorT for the space GR N . The manifold M N equipped by the tensorĝ is the associated space R N of the space GR N . The components of the symmetric part (1.3) of the generalized Christoffel symbol are the Christoffel symbols of the second kind and they are the affine connection coefficients of the space R N . The associated space R N is the Riemannian space. N. S. Sinyukov [18] , Josef Mikeš with his research group [10] [11] [12] and many other authors have developed the theory of Riemannian spaces.
With respect to the affine connection of the associated space, it is defined one kind of covariant derivative [10] [11] [12] 18] 
for a tensorâ of the type (1, 1). Based on this covariant derivative, it is founded one identity of the Ricci type. From this identity, it is obtained one curvature tensorR of the space R N [10-12, 18]
The components of the corresponding tensor of the Ricci curvature are
A. Einstein studied the spaces whose affine connection coefficients are not functions of the metric tensor [2] [3] [4] . With respect to the Einstein Metricity Condition
as the system of differential equations which generate the affine connection coefficients of the affine connection space, two kinds of covariant derivatives with respect to affine connections with torsion are defined
M. Prvanović [16] obtained the fourth curvature tensor of a non-symmetric affine connection space. S. Minčić [13, 14] have studied four kinds of covariant derivatives the covariant derivatives (1.8) and two novel kinds
With respect to these four kinds of covariant derivatives, S. M. Minčić obtained four curvature tensors, eight derived curvature tensors and fifteen curvature pseudotensors of the space GR N . After some detail studies [19] , the author obtained that just curvature and torsion tensors generate components for curvatures of non-symmetric affine connection spaces. The curvature tensors necessary for further work are elements of the following family
for the corresponding coefficients u, u ′ , v, v ′ , w.
The family of Ricci-curvatures of the space GR N (three of them are linearly independent) is
The scalar curvature K = g γδ K γδ of the space GR N (two of them are linearly independent) is
(1.12)
In this paper, we will stay focused on the spacetime GR 4 .
Motivation
The Einstein-Hilbert action is the action that yields the Einstein field equations through the principle of least action. Let the full action be
for the scalar curvature R of the associated space. The term L M in the last equation is describing matter fields and the term |g| is the absolute value of the metric determinant for the space
In General Relativity, the components g ij of the symmetric metric tensorĝ satisfy the Einstein's equations of motion
where T ij are the components of the energy-momentum tensorT . The last equations are generalized by the cosmological constant Λ = 1.1056 · 10 −52 m −2 as [1, 17] This article is consisted of five sections plus conclusion. The purposes of this paper are:
1. To recall and develop the Madsen's formulae for pressure, energy-density and state parameter. The energy-momentum tensor, the pressure, the energy-density and the stateparameter will be computed with respect to the scalar curvature and the torsion tensor, 2. To correlate the space-time model caused from the article [6] with the Einstein's equations of motion, 3. To analyze the linearity of energy-momentum tensors, pressures, energy-densities and state-parameters under summings of fields.
Pressure, density, state parameter and Madsen's formulae
The energy-momentum tensor in the Madsen's work [9] is
for the constant ξ, the timelike scalar field φ which has unit magnitude, the operator defined as a i j = g αβ a i j|α|β and the tensor
Madsen also chosen the units such that = c = 1 and M 2 P = 8π for the Planck mass M P . In the second section of the paper [9] , Madsen deals with the problem of finding a unique vector related to the scalar field φ, appears in the energy-momentum tensor (2.1). This vector is u i and it satisfies the equation
The vector u i from the last equation is
For the symmetric tensorĥ of the type (0, 2) whose components are [9] h
4)
the energy-density ρ, the pressure p, the vector-fieldq such that u α q α = 0, and the tensorπ of the type (0, 2) whose components satisfy the equalities π iα u α = 0 and π α α = 0, the components of the energy-momentum tensorT of the type (0, 2) are
(2.5)
Moreover, it is given [9] : Π ij = −T αβ h α i h β j , p = 1 3 Π α α and ρ = T αβ u α u β . After composing the equations (2.4) and (2.5) by the tensor g ij and using the symmetry T ij = T ji , one gets
Hence, it is satisfied the equalities
for the energy-momentum tensorT .
In the comoving reference frame, u i = δ i 0 , the equalities (2.7) reduce to
After composing the equation (1.15) by u i u j and g ij and using the equation (2.2) as well, we get
Specially, for i = j = 0 substituted in the equation (1.15) one obtains
Rg 00 + Λg 00 .
(2.10)
After substituting the equations (2.9, 2.10) into the expressions (2.7, 2.8), we get
In reference system u i In comoving reference system 
With respect to the equation (1.12), the last equation transforms to
After lowering the contravariant indices into the last equation, one obtains
If compare the variations for the last equation and the Einstein-Hilbert action
one will obtain
The variation of the functional
for τ ij = g ǫα g βζ T ǫ.iβ T α.jζ and W ij = g γδ g ǫα g βζ T ǫ.δζ δT α.γβ δg ij .
By the variation rule, we conclude that the variational derivatives v αγβij = δT α.γβ /δg ij are the components of the tensorv of the type (0, 5).
After summing the equations (3.6, 3.7), we obtain
The right side of the last equation vanishes if and only if
This expression is the family of the Einstein equations of motion with respect to the analyzed model.
By the previous computations and the results from the previous section, we proved the validity for the the following theorem. 
9)
respectively, for the coefficients v ′ , w and the above defined tensorsτ andŴ. With respect to the equations (2.7, 2.8) and the equalities (3.9), the families of the pressures and energy-densities are P ressure :
10)
Energy − density :
(3.11)
The state-parameters ω = p · ρ −1 and ω 0 = p 0 · ρ −1 0 do not depend of the coefficients u, u ′ , v, v ′ , w which generate curvature tensors with torsion.
After considering the equations (1.4, 3.5), one concludes that the case of the symmetric metric describes the space without matter. Hence, the anti-symmetric part of the metric tensor and the torsion tensor of the space GR 4 as well are correlated to a matter.
What non-symmetric metrics make possible?!
Let us consider the non-symmetric metricĝ whose components are
The components of the symmetric and anti-symmetric parts for this metric are
The components of the corresponding Christoffel symbols of the first kind are
but Γ i.jk = 0 in all other cases. The components of the covariant torsion tensor are
and T ijk = 0 in all other cases. With respect to the equation (3.3), we obtain that the part L M is
After elementary computing, one gets
for s(t) = s 0 (t) + s 1 (t) + s 2 (t) + s 3 (t), the above defined tensorv and τ ij = 0 in all other cases. The brackets about the indices in the equation (3.18) mean that the Einstein's Summation Convention should not be applied to them. After substituting the expressions (3.17, 3.18) into the equations (3.10, 3.11), one gets the corresponding pressures p and p 0 and the densities ρ and ρ 0 as well. The proportions p · ρ −1 and p 0 · ρ −1 0 are the corresponding state parameters. Based on the equation (3.16), we conclude that any L M generates two metrics which correspond to the triples n 1 (t), n 2 (t), n 3 (t) and − n 1 (t), −n 2 (t), −n 3 (t) of the type (3.12) in the case of v ′ + w = 0. These two spaces are the analogous to the BRA and KET spaces in Quantum Mechanics. When these two spaces are equal, the theory describes the space without matter.
4 Generalized Einstein's equations of motion II I. Shapiro [17] studied the theory of gravity with torsion. He analyzed the four-dimensional space-times. Into the second section of the paper [17] , I. Shapiro considered the affine connection whose symmetric part coincides with the Christoffel symbols (eq. 1.4, left) . Furthermore, the affine connection coefficients in the Shapiro's work are
for a tensorK of the type (1, 2) anti-symmetric in the indices j and k. Namely, I. Shapiro [17] indicated the necessity of an affine connection whose coefficients arẽ Γ i jk = Γ i jk + K i jk for some tensorK of the type (1, 2) anti-symmetric by the covariant indices. Moreover, the torsion tensorT isT = 2K in the Shaprio's work.
We will analyze a generalization of this concept below. Fourteen years after Shapiro, S. Ivanov and M. Lj. Zlatanović published the paper [6] where they involved the concept of the generalized Riemannian space that generalizes the Eisenhart's one.
We considered above the Einstein's equations of motion in the generalized Riemannian space with respect to Eisenhart's definition [5] . In this section, we will derive the equations of motion with respect to the generalized Riemannian space GR N defined by S. Ivanov and M. Zlatanović in [6] .
The covariant affine connection coefficientsΓ i.jk for the space GR N arẽ
for the Christoffel symbol of the first kind Γ i.jk obtained with respect to the symmetric metric tensorĝ and the covariant derivative
whereâ is the tensor of the type (1, 1) . With respect to the equation (4.2), we obtaiñ
After rising the index i in the last equation, we get
The covariant derivative| with respect to the symmetric affine connection coefficientsΓ i jk and the covariant derivative (1.5) satisfy the equation
The components of the curvature tensorR for the associated spaceR N arẽ
These components and the components (1.6) of the curvature tensorR of the space R N satisfy the equatioñ
for
With respect to the equations (1.5, 4.8), we proved the validity of the next proposition.
Proposition 4.1. The components of the curvature tensorsR andR respectively given by the equations (4.7) and (1.6) satisfy the equatioñ
10)
for the components η i jk of the tensorη of the type (1, 2) , defined by the equation (4.9).
The space GR N is a special affine connection space. For this reason, the components of the curvature tensorsK of this space are elements of the family [13, 14] 
If one applies the equations (4.6, 4.10) and the equalityΓ i jk = Γ i jk − 1 2 η i jk as well, he will directly prove that the following proposition holds. 
(4.12)
The corresponding family of componentsK ij =K α ijα of the Ricci curvatures is
(4.13)
The familyK = g γδK γδ of scalar curvatures of the space GR N is
(4.14)
As we may see, the part of the scalar curvatureK which corresponds to the matter is
The meaning of the square brackets in the last equality is that the fieldL depends of the linear combination of necessary terms with respect to the coefficients u ′ , v ′ , w. In this case, the full lagrangian with torsion is
(4.16)
The corresponding Einstein-Hilbert action with torsion is
Let us consider the variations of the functionals
The variation of the first of these functionals is given by the equation (3.6) . The variation of the second functional is If sum the equations (3.6) and (4.18), we will obtain
which are the corresponding Einstein's equations of motion. It holds the following theorem. 
The pressure, energy-density and state-parameter may be obtained by the substituting the equation Indirectly, we will find the difference between the energy-momentum tensors, pressures, energy-densities and state parameters obtained with respect to the families (3.5) and (4.15) in the following section.
Linearity
The question which arises is how much would we change the energy-momentum tensor, the pressure, the energy-density and the state-parameter obtained with respect to the part L M if we get the part lL M + f F for some field F and the real or complex scalars l and f . We will answer this question more generally below.
Let us consider the field With respect to the equalities (5.3) and the expressions in the Table 2 , we proved the validity of the following theorem.
Theorem 5.1. The energy-momentum tensor and its trace, the pressure and the energy-density are linear under the summands into the lagrangian which corresponds the matter. Their values are equal to the linear combinations of the corresponding values generated by the separate summands.
The state-parameter is not linear as the previous magnitudes.
Conclusion
In the section 2, we geometrically interpreted the Madsen's formulae about energy-momentum tensors, pressures and energy-densities. With respect to these interpretations, we computed these magnitudes see the Table 1 . In the section 3, we expressed the energy-momentum tensor with respect to the curvature tensors of a generalized Riemannian space in the sense of Eisenhart's definition. We also proved that the part L M generates two generalized Riemannian spaces.
In the section 4, we analyzed the differences and similarities between the results presented in the Shapiro's paper [17] and the model of the generalized Riemannian space involved by S. Ivanov and M. Lj. Zlatanović [6] . We explicitly obtained the corresponding energy-momentum tensor but the pressure, energy-density and state parameter may be obtained with respect to the corresponding formulae from the section 2.
In the section 5, we analyzed the linearity of the energy-momentum tensors, energy-densities, pressures and state parameters under summing of matter fields see the Table 2 .
